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Abstract 

■^ . We derive certain systems of differential equations for matrix elements of products 

^J'l and iterates of logarithmic intertwining operators among strongly graded generalized 

r~| ' modules for a strongly graded conformal vertex algebra under suitable assumptions. 

"t^ . Using these systems of differential equations, we verify the convergence and extension 

property needed in the logarithmic tensor category theory for such strongly graded 

generalized modules developed by Huang, Lepowsky and Zhang. 

00 1 Introduction 

m . 

In the present paper, we generalize the arguments in JH] and |HLZ] to prove that for a 
,;;+ I strongly graded conformal vertex algebra V, matrix elements of products and iterates of 

O ' logarithmic intertwining operators among triples of strongly graded generalized l^-modules 

under suitable assumptions satisfy certain systems of differential equations and that the 
prescribed singular points are regular. Using these differential equations, we verify the 
convergence and extension property needed in the theory of logarithmic tensor categories for 
strongly graded generalized U-modules in [HLZj . Consequently, under certain assumptions 
^_' on the strongly graded generalized modules for a strongly graded conformal vertex algebra 

V, we obtain a natural structure of braided tensor category on the category of strongly 
graded generalized U-modules using the main result of [HLZ]. 

The notion of strongly graded conformal vertex algebra and the notion of its strongly 
graded module were introduced in |HLZj as natural concepts from which the theory of log- 
arithmic tensor categories was developed. A strongly A-graded conformal vertex algebra V 
(respectively, a strongly A-graded U- module) is a vertex algebra (respectively, a U- module), 
with a weight-grading provided by a conformal vector in V (an L(0)-eigenspace decom- 
position), and with a second, compatible grading by an abelian group A (respectively, an 
abelian group A containing A as its subgroup), satisfying certain grading restriction condi- 
tions. One important source of examples of strongly graded conformal vertex algebras and 
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modules comes from the vertex algebras and modules associated with not necessarily positive 
definite even lattices. In particular, the tensor products of vertex operator algebras and the 
vertex algebras associated with even lattices are strongly graded conformal vertex algebras 
(see ^). In [Blj . Borcherds used the vertex algebra associated with the self-dual Lorentzian 
lattice of rank 2 and its tensor product with ^^ to construct the "Monster" Lie algebra. 

It was proved in [H] that if every module W for a vertex operator algebra V = U^ez ^(n) 
satisfies the Ci-cofiniteness condition, that is, dim W/CiiW) < oo, where CiiW) is the 
subspace of W spanned by elements of the form u^iw for u G V^ = ]J„>o ^(n) ^"^^ "^ ^ ^' 
then matrix elements of products and iterates of intertwining operators among triples of V- 
modules satisfy certain systems of differential equations. Moreover, for prescribed singular 
points, there exist such systems of differential equations such that the prescribed singular 
points are regular. In Section 11 of |HLZ] (Part VII), using the same argument as in |H], 
certain systems of differential equations were derived for matrix elements of products and 
iterates of logarithmic intertwining operators among triples of generalized l^-modules. In this 
paper, we prove similar, more general results for matrix elements of products and iterates of 
logarithmic intertwining operators among triples of strongly graded generalized modules for 
a strongly graded vertex algebra. 

In the present paper, we generalize the Ci-cofiniteness condition for generalized modules 
for a vertex operator algebra to a Ci-cofiniteness condition for strongly graded general- 
ized modules for a strongly graded vertex algebra. That is, every strongly graded gener- 
alized y4-module W for a strongly A-graded vertex algebra V satisfies the condition dim 
W^^'' /{Ci{W)Y^^ < oo where Ci{W) is the subspace of W spanned by elements of the form 
U-iw for u E V-i- = IJn>o ^(") ^^'^ "^ ^ ^' W^^'' and {Ci{W)Y^'' are A-homogeneous sub- 
space of W and CiiW) with A-grading /3 for /3 G A. Furthermore, let Vq be a strongly 
graded vertex subalgebra of V, the Ci-cofiniteness condition for W as a. Vo-module implies 
the Ci-cofiniteness condition for W as a \^-module. In particular, the case that W satis- 
fies Ci-cofiniteness condition as a module for V^^^ — the A-homogeneous subspace of V with 
A-weight — is the same as the case that W satisfies Ci-cofiniteness condition as a vertex 
operator algebra module. 

The key step in deriving systems of differential equations in ^ is to construct a finitely 
generated R = C[zf^, z^^, (zi — Z2)~^]-module that is a quotient module of the tensor product 
of R and a quadruple of modules for a vertex operator algebra. However, for a strongly 
graded conformal vertex algebra, the quotient module constructed in the same way is not 
finitely generated since there are infinitely many A-homogeneous subspaces in the strongly 
graded generalized modules. In order to obtain a finitely generated quotient module, we 
assume that fusion rules for triples of certain A-homogeneous subspaces of strongly graded 
generalized ^-modules viewed as l^'^^^-modules are zero for all but finitely many triples of 
such ^-homogeneous subspaces. 

Under the assumption on the fusion rules for triples of certain A-homogeneous subspaces 
and the Ci-cofiniteness condition for the strongly graded generalized modules, we construct a 
natural map from a finitely generated i?-module to the set of matrix elements of products and 
iterates of logarithmic intertwining operators among triples of strongly graded generalized 



V^-modules. The images of certain elements under this map provide systems of differential 
equations for the matrix elements of products and iterates of logarithmic intertwining op- 
erators, as a consequence of the L(— l)-derivative property for the logarithmic intertwining 
operators. Moreover, for any prescribed singular point, we derive certain systems of dif- 
ferential equations such that this prescribed singular point is regular. Using these systems 
of differential equations, we verify the convergence and extension property needed in the 
construction of associativity isomorphism for the logarithmic tensor category structure de- 
veloped in |HLZj . Consequently, if all the assumptions mentioned above are satisfied, we 
obtain a braided tensor category structure on the category of strongly graded generalized 
V^-modules. 

The present paper is organized as follows: In section 2, we recall the definitions and 
some basic properties of strongly graded vertex algebras and their strongly graded gen- 
eralized modules. The Ci-cofiniteness condition for strongly graded generalized modules 
is introduced in section 3 and the definitions of logarithmic intertwining operators among 
strongly graded generalized modules is recalled in section 4. The existence of systems of 
differential equations and the existence of systems with regular prescribed singular points 
are established in section 5 and 6, respectively. In section 7, we prove the convergence and 
extension property for products and iterates of logarithmic intertwining operators among 
strongly graded generalized modules for a strongly graded vertex algebra. Consequently, we 
obtain the braided tensor category structure on the category of strongly graded generalized 
modules generalizing the results in |HLZ] . 

Acknowledgements I would like to thank Professor Yi-Zhi Huang and Professor James 
Lepowsky for helpful discussions and suggestions. 

2 Strongly graded vertex algebras and their modules 

In this section, we recall the basic definitions from |HLZj (cf. |Y]). 
Definition 2.1 A conformal vertex algebra is a Z-graded vector space 

riGZ 

equipped with a linear map: 

V -^ (EndV)[[x,x-^]] 

V I-;- Y{v,x) = y^fnX~"'\ 

ragZ 

and equipped also with two distinguished vectors: vacuum vector 1 G V(o) and conformal 
vector UJ e V(2), satisfying the following conditions for u,v eV: 

• the lower truncation condition: 

UnV = for n sufficiently large; 



• the vacuum property: 

Yil,x) = lv; 

• the creation property: 

Y(v,x)l E V[[x]] and \im.Y(v,x)l = v; 

• the Jacobi identity (the main axiom): 

Xq^SI ]Y{u,Xi)Y{v,X2) - Xq^6[ ]Y{v,X2)Y{u,Xi) 

\ Xf) J \ —Xq ) 

= X2^6{ — )y{Y{u,xo)v,X2); 

\ X2 J 

• the Virasoro algebra relations: 

[L{m), L{n)] = (m - n)L{m + n) + T^{m^ - m)6n+m,oC 
for m, n G Z, where 

L{n) = Un+i for n G Z, i.e., Y{uj,x) = y ^ L{n)x~"'~'^ , 

neZ 

c G C (central charge of V); 
satisfying the L{—1)- derivative property: 

■^Y{v,x) = Y{L{-l)v,xy, 
ax 

and 

L(0)f = nv = (wt v)v for n G Z and v G V(„). 

This completes the definition of the notion of conformal vertex algebra. We will denote 
such a conformal vertex algebra by {V, Y, 1, u). 

Definition 2.2 Given a conformal vertex algebra {V, Y, 1, cu), a module for l^ is a C-graded 
vector space 

l^=IIW-(n) (2.1) 

raGC 

equipped with a linear map 



V -^ {EndW)[[x,x-^]] 

V I— 7- Y{v,x) = y^ 

nez 
such that the following conditions are satisfied: 



Vn,X 



the lower truncation condition: for v & V and w G W, 

VnW = for n sufficiently large; 

the vacuum property: 

Yil,x) = lw; 

the Jacobi identity for vertex operators on W: for u,v & V, 

^^o"^^! — -)y{u,Xi)Y{v,X2) -Xq^sI — )Y{v,X2)Y{u,Xi) 

= x^^6 ( — )y{Y{u, xo)v, X2)] 

the Virasoro algebra relations on W with scalar c equal to the central charge of V: 

[L{m), L{n)] = [m - n)L{m + n) + t^("^^ - m)5n+mfiC 
for m, n G Z, where 

L{n) = uOn+i for n G Z, i.e., Y{(jJ,x) = y ^ ]^(^^\ ^--"—2 . 



[njx 



satisfying the L(— l)-derivative property 

^Y{v,x) = Y{L{-\)v,x)- 
ax 

and 

(L(0) -n)w = Q for n G C and w G W(^n)- (2.2) 

This completes the definition of the notion of module for a conformal vertex algebra. 

Definition 2.3 A generalized module for a conformal vertex algebra is defined in the same 
way as a module for a conformal vertex algebra except that in the grading (12. ip . each space 
W(n) is replaced by W[n], where W[n] is the generalized L(0)-eigenspace corresponding to the 
generalized eigenvalue n G C; that is, ( 12.1 p and 02. 2p in the definition are replaced by 



nec 

and 

for n G C and w G W[n\-, (-^(0) — nYw = 0, for A; G N sufficiently large, 

respectively. For w G Wwi]., we still write wt w = n for the generalized weight of w. 



Definition 2.4 Let A be an abelian group. A conformal vertex algebra 

neZ 

is said to be strongly graded with respect to A (or strongly A- graded, or just strongly graded 
if tlie abelian group A is understood) if it is equipped with a second gradation, by A, 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
^^"^ = II ^iny where V{^^ = \/(„) n \/(") for any a e A; 

for any a, (5 E A and n eT,, 



^(n) ~ ^ for n sufficiently negative; 

(0). ,, r- T/(0). 



dim\/(|^°^ < oo; 



ViV^^^ C \/("+'^) for any v E V^'^\ I E Z. 
This completes the definition of the notion of strongly A-graded conformal vertex algebra. 

For modules for a strongly graded algebra we will also have a second grading by an 
abelian group, and it is natural to allow this group to be larger than the second grading 
group A for the algebra. (Note that this already occurs for the first grading group, which is 
Z for algebras and C for modules.) 

Definition 2.5 Let A be an abelian group and V a strongly A-graded conformal vertex 
algebra. Let A be an abelian group containing A as a subgroup. A ^-module (respectively, 
generalized l^-module) 

W^ = IIW^(n) (respectively, 1^(« = ]J 1^[„]) 

neC nGC 

is said to be strongly graded with respect to A (or strongly A-graded, or just strongly graded) 
if the abelian group A is understood) if it is equipped with a second gradation, by A, 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
for any /3 E A, 

W^(/3) = Y[ W^^^, where W^^j^^ = W^(„) n W^^^ 
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(respectively, W^-^'^ = ]J wl^^\ where w[J^^^ = Win] n VT^^)); 

nGC 

for any a G A, /3 G A and n E C, 



ly^^Pj^^ = (respectively, W^^^^^ = 0) for A; G Z sufficiently negative; (2.3) 

•(/3) 
(n) 



dimiy,^^,^ < oo (respectively, diml^r^^-^ < cxd) 



ViW^^'^ C iy("+^) for any v G ■l/("\ / G Z. 

A strongly A-graded (generalized) l^-module W is said to be lower bounded if instead of 
(I2.3p . it satisfies the stronger condition that for any /3 E A, 

^(n) ~ ^ (respectively, W^^J = 0) for nGC and 9^(n) sufficiently negative. 

This completes the definition of the notion of strongly A-graded generalized module for 
a strongly A-graded conformal vertex algebra. 

Remark 2.6 In the strongly graded case, subalgebras (submodules) are vertex subalgebras 
(submodules) that are strongly graded; algebra and module homomorphisms are of course 
understood to preserve the grading by A or A. 

With the strong gradedness condition on a (generalized) module, we can now define the 
corresponding notion of contragredient module. 

Definition 2.7 Let W = YiseAnec^ini ^^ ^ strongly A-graded generalized module for a 
strongly A-graded conformal vertex algebra. For each /3 G A and nGC, let us identify 
iW,J)* with the subspace of W* consisting of the linear function on W vanishing on each 

W,y with 7 7^ /3 or m 7^ n. We define W to be the {A x C)-graded vector subspaces of W* 
given by 

W'= U (iy')|5, where (ly')S = (</^)*- 

/3eA,nGC 

The adjoint vertex operators Y'{v, z) [v G V) on W is defined in the same way as vertex 
operator algebra in section 5.2 in |FHLj (see Section 2 of |HLZ] ). The pair {W\Y') carries 
a strongly graded module structure as follow: 

Proposition 2.8 Let A he an abelian group containing A as a subgroup and V a strongly 
A-graded conformal vertex algebra. Let {W, Y) be a strongly A-graded V -module (respec- 
tively, generalized V -module) . Then the pair iW' , Y') carries a strongly A-graded V -module 
(respectively, generalized V -module) structure. IfW is lower bounded, so is W. 

Definition 2.9 The pair {W',Y') is called the contragredient module of {W,Y). 



Example 2.10 Note that the notion of conformal vertex algebra strongly graded with re- 
spect to the trivial group is exactly the notion of vertex operator algebra. Let l^ be a vertex 
operator algebra, viewed (equivalently) as a conformal vertex algebra strongly graded with 
respect to the trivial group. Then the l^-modules that are strongly graded with respect to 
the trivial group (in the sense of Definition 12. 5p are exactly the (C-graded) modules for V 
as a vertex operator algebra, with the grading restrictions as follows: For n G C, 

W^n+k) =0 for A; e Z sufficiently negative 

and 

dimiy(„) < oo. 

Example 2.11 An important source of examples of strongly graded conformal vertex alge- 
bras and modules comes from the vertex algebras and modules associated with even lattices. 
We recall the following construction from |FLMj . Let L be an even lattice, i.e., a finite-rank 
free abelian group equipped with a nondegenerate symmetric bilinear form (■,■), not neces- 
sarily positive definite, such that {a, a) G 2Z for all a E L. Let () = L (g)^ C. Then P) is a 
vector space with a nonsingular bilinear form (-, ■), extended from L. We form a Heisenberg 
algebra 

^z = II [) ® t" © Cc. 

Let [L,^) be a central extension of L by a finite cyclic group {n \ n"^ = 1). Fix a primitive 
sth root of unity, say u, and define the faithful character 

X : («:) ^ C* 

by the condition 

x(k) = u. 

Denote by C^ the one- dimensional space C viewed as a (fi;)-module on which (k) acts ac- 
cording to X'- 

K ■ 1 = U, 

and denote by C{L} the induced L-module 

C{L} = Ind|^C^ = C[L] ®c[(K>] C^. 

Then 

VL = Si%)(^C{L} 

has a natural structure of conformal vertex algebra; see jBlj and Chapter 8 of [FLM] . For 
a E L, choose an a e L such that a = a. Define 

i(a) = a(g)l G C{L} 



and 

Vl°'' = span {hi{-ni) ■ ■ ■ hk{-nk) ® i(a)}, 

where hi, . . . ,hk & I), rii, . . . ,nk > 0, and where h{n) is the natural operator associated with 
h<^t"' via the f^z-module structure of Vl- Then Vl is equipped with a natural second grading 
given by L itself. Also for n G Z, we have 

k ^ 

(^i)(n) = SP^^ {hi{-ni) ■ ■ ■ hi-rik) ® 6(a)| a = a,^ni + -{a, a) =n}, 

making Vl a strongly L-graded conformal vertex algebra in the sense of definition 12.41 When 
the form (-, ■) on L is also positive definite, then Vl is a vertex operator algebra, that is, as 
in example 12. 10^ Vl is a strongly A- graded conformal vertex algebra for A the trivial group. 
In general, a conformal vertex algebra may be strongly graded for several choinces of A. 

Any sublattice M of the "dual lattice" L° of L containing L gives rise to a strongly Ag- 
graded module for the strongly L-graded conformal vertex algebra (see Chapter 8 of |FLM] ; 
cf. |LLj ). In fact, any irreducible (generalized) V^-module is equivalent to a V^-module of 
the form Vl+/3 C Vl° for some /3 G L° and any (generahzed) V^-module W is equivalent to 
a direct sum of irreducible V^-modules. i.e., 

W= l[ V.^^L, 

7iG-L°, i=l,...,n 

where 7j's are arbitrary elements of L°, and n G N (see [D], |DLM] : cf. |LL] ). 



Definition 2.12 Let V he a strongly A-graded conformal vertex algebra. The subspaces 



V( J for n G Tj, a E A are called the doubly homogeneous subspaces of V. The elements 



in VyV are called doubly homogeneous elements. Similar definitions can be used for W}^|^^ 
(respectively, W^r^ ) in the strongly graded (generalized) module W. 

Notation 2.13 Let w be a doubly homogeneous element of V. Let wt Vn, n eTL, refer to 
the weight of Vn as an operator acting on W , and let A-wt Vn refer to the A-weight of Vn on 
W . Similarly, let w be a doubly homogeneous element of W . We use wt w to denote the 
weight of w and A-wt w to denote the A-grading of w. 

Lemma 2.14 Let v G V,V, for n E Z, a E A. Then for m E Tj, wt Vm = n — m — 1 and 

A-Vft Vm = Ci. 

Proof. The first equation is standard from the theory of graded conformal vertex algebras 
and the second follows easily from the definitions. I 



3 Ci-cofiniteness condition 

In this section, we will let V denote a strongly A-graded confornial vertex algebra and let W 
denote a strongly A-graded lower bounded (generalized) V^-module, where A, A are abelian 
groups such that A C A. 

In the following definition, we generalize the Ci-cofiniteness condition for the (general- 
ized) modules for a vertex operator algebra to a Ci-cofiniteness condition for the strongly 
graded (generalized) modules for a strongly graded conformal vertex algebra. 

Definition 3.1 Let Ci{W) be the subspace of W spanned by elements of the form U-iw for 

n>0 

and w G W. The A-grading on W induces a A-grading on W/Ci{W) with 

If dim {W/CiiW)^^^ < oo ioT /3 e A, we say that W is Ci-cofinite or W satisfies the 
Ci-cofiniteness condition. 

Remark 3.2 Let Vq be a conformal vertex subalgebra of V strongly graded with respect to 
Aq C a. We can also define Ci-cofiniteness condition for W as a. strongly graded (generalized) 
Vo-module. If W is Ci-cofinite as a strongly graded (generalized) Vo-module. Then W is 
Ci-cofinite as a strongly graded (generalized) V^-module. 

Example 3.3 Let Vl be the conformal vertex algebra associated with a nondegenerate even 
lattice L and let VT be a (generalized) Vi-module as in Example 12.111 Then the strongly 
graded (generalized) Vx,-module W satisfies the Ci-cofiniteness condition as a V£ -module. 
Thus W is also Ci-cofinite as a strongly graded Vz,-module. 

4 Logarithmic intertwining operators 

Throughout this paper, we shall use x, Xq, Xi,a;2, ... to denote commuting formal variables 
and z,zq,zi,Z2, ■ ■ ■ to denote complex variables or complex numbers. We first recall the 
following definitions from [HLZj . 

Definition 4.1 Let {Wi,Yi), (11^2,^2) and (11^3,1^3) be generalized modules for a conformal 
vertex algebra V. A logarithmic intertwining operator of type (^ ^ ) is a linear map 

y{-,x)-:Wi^W2^W3[\ogx]{x}, (4.1) 

or equivalently, 

W(i) ®W(2) ^ y{w^i),x)w^2) = J^ J^ti;(i)^.^u;(2)X""~^(logx)'^ G W3[hgx]{x} (4.2) 

neC fceN 
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for all W(i) G Wi and W(2) G W2, such that the following conditions are satisfied: the lower 
truncation condition: for any W(^i) G Wi, W(2) G 14^2 and n G C, 

^(i)n+mfc^(2) ~ for mGN sufficiently large, independently of A;; (4.3) 

the Jacobi identity: 

3^0^^'^ ( — ]Y3{v,Xi)y{W(^i),X2)W(^2) 

_ie-/^a;2 -xi 



-Xq S{^ jyiW(i),X2)Y2{v,Xi)W(^2) 

= X2^6 ( — j yiYi{v, Xo)W(^i),X2)W{2) (4.4) 

for V ^ V, W(i) G Wi and W(2) G VF2 (note that the first term on the left-hand side is 
meaningful because of (I4.3p ): the L{—1) - derivative property: for any W(i) G Wi, 

y{L{~l)w^,^,x) = ^y{w^,),x). (4.5) 



Definition 4.2 In the setting of Definition 14.11 suppose in addition that V and Wi, W2 
and W3 are strongly graded. A logarithmic intertwining operator y as in Definition 14.11 
is a grading- compatible logarithmic intertwining operator if for (3,'j G A and wi G W^ , 
W2 G VF2 , n G C and fc G N, we have 

(^l)„;.«^2 e W^f +^\ 

Definition 4.3 In the setting of Definition 14.21 the grading-compatible logarithmic inter- 
twining operators of a fixed type (^y ^ ) form a vector space, which we denote by Vyy^yy^. 
We call the dimension of V^yj^^y^ ^^^ fusion rule for Wi, W2 and W3 and denote it by Nyy^yy^. 

We shall use the following two sets in the next section: For /3j G A, i = 1, 2, 3, set 

j{/3i,&,/33) ^ (^^ + ^^) X (^^ + ^^) X (^^ + ^^)_ 

For any strongly A-graded generalized \^- modules Wi {i = 0,1, ... ,4) and any logarithmic 
intertwining operators 3^i and 3^2 of type (^ (^ ) and (^^ ^ ) , respectively, set 



if there exist Wi G VT/^"^ (z = 1, 2, 3) such that 
3^i(wi,xi)3^2(w2, 3:2)^3 7^ 



For brevity, we will use /(/'i'/'2,/33) ^^ denote the set lyl^y^ i^ the rest of this paper. 
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Lemma 4.4 Let V be a strongly A-graded vertex algebra with a vertex subalgebra Vq strongly 
graded with respect to Aq C A. Suppose that every strongly graded V -module satisfies Ci- 
cofiniteness condition as a Vo-module. Also suppose that for any two fixed elements /3i and 
(32 in A and any triple of strongly graded generalized V -modules Mi, M2 and M3, the fusion 
rule _ _ 

for only finitely many pairs (/3i, /32) G (/3i + Aq) x (/32 + A^. Then the set ji^'^'^^'M defined 
above is a finite set. 

Proof. Since for the triple of strongly graded generalized modules {Wi, W2, W3), the fusion 
rules N ^~ ~ 7^ for only finitely many pairs (/3i,/32) ^ (/^i + ^0) x {f^2 + ^o); the 

logarithmic intertwining operator 3^2(^2, a^2)u^3, where W2 G W2 and W3 G W3 , have 
to be except for finitely many pairs {(32,(33) E {(32 + Aq) x {(3^ + Aq), and then there 
are only finitely many triples (/3i, /32, /^s) G /(^I'/^z./^a) s^qI^ that the products of logarithmic 
intertwining operators 

yi{Wi,Xi)y2{w2,X2)w3 ^ 0, 

where wi e wi^'\ W2 G W^'^''^ and W3 G W^'^'K Thus the set /(/^i-fe.fe) jg ^ finite set. ■ 

Remark 4.5 In the case that Aq is a finite subgroup of A, the assumption in Lemma [4.41 
holds automatically. 

5 Differential equations 

In the rest of this paper, we assume that V^ is a strongly A-graded vertex algebra with a vertex 
subalgebra Vq strongly graded with respect to Aq C A, and assume that every strongly graded 
(generalized) V^-module is M-graded, lower bounded and satisfies Ci-cofiniteness condition 
as a Vo-module. 

Let Wi be strongly yi-graded generalized V^-modules for z = 0, 1, . . . , 4 and let 3^i and 3^2 
be logarithmic intertwining operators of type (y^^y ) and {y^^ ), respectively. Let /(/^I'^a.fe) 
and j(/'i'/'2,/33) ijg the two sets defined in the previous section. 

Let R = C[z^^, zf^, {zi — Z2)~^], /3i, (32 and (3^ be three fixed elements in A. Set 



and 
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Then T^^'^'^^'^^'^ and Ty^y^ '^ have natural i?-niodule structures. For convenience, in the 
rest of this paper, we will use T^^i-^^.fe) ^ denote T^^^]y^^'^^^ ■ 

For simplicity, we shall omit one tensor symbol to write /(-Zi, Z2) ^ wq ^ wi ^ W2 ^ w^ as 
/(^i, Z2)wo Wi0 W2'S)W3 in T^^i'^^'^^^ and T^P^'^'^'^^\ For a strongly A-graded generalized 
V^- module W, let {W\Y') be the contragredient module of W (recall definition 12.91) . In 
particular, for u G \^ and n G Z, we have the operators Un on W . Let u* : W^ — )■ W^ be the 
adjoint of m„ : W — )■ PF'. Note that since wt ti„ = wt u — n — 1, we have wt m* = — wt 
u + n + 1. Also, A-wt M* = — (A-wt u„). 

Let (/3'i,;g2,/33) e /(/3i'/^2,/33) and let ^q = /9i + /92 + /^s- For m G (K))+ and w^ G VT/^"^ 
(i = 0, 1, 2, 3), let j(/'i'^2,/33) i^g ^]^g submodule o{T^^^'^^'^^' generated by elements of the form 

A{u,Wq,Wi,W2,W^) 

= ^f , \{-ZiYu*_-^_j.Wq<^Wi®W2<^W^-Wq®U^iWi<^W2®W^ 
k>0 ^ ^ 

fc>0 ^ ^ 



E(-/ 



A; 

fc>0 



-2:1) ^ ''Wq (^ Wi (^ W2 (i^ UkWs, 



B{u,Wo,Wi,W2,W3) 

= ^f , j i-Z2)''u*_-^_^Wo<^Wi0W2 0W3 
k>0 ^ ^ 

-^f , j{-{zi-Z2)y^^''Wo^UkWi^W2^W3-Wo^Wi^U^lW2^W3 
k>0 ^ ^ 

-2J( u ] {-Z2y^^'''Wo®Wi®W2^UkW3, 



C{u,Wo,Wi,W2,W3) 



U*_iWo Wi ® W2 ^ W3 — 22 ( 



fc>0 



Z^ ^ ^Wq (X) -UfcWl (K) W2 (X) W3 



;Z2 "^ ^"^0 ® Wi ® UkW2 ® W3 — Wq® Wi® W2® M-iWa, 
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V{u,Wo,Wi,W2,W3) 



fc>0 ^ ^ 



-2-^L{0)^-z-^L(l) 



fc>0 
-Wq ®Wi®W2® U*_^W^. 



We shall also need a submodule Sy^'y^' of T^^^'^'^'^^' generated by elements of the form 

Wq®Wi®W2® W3 

for Wi G wf'\i = 0,1,2,3), (^1,^2,^3) e /(^I'^^.fe) \ /(/^i./Sa.fe). por simplicity, we denote 

Sy,]yf'^ by ^(/^i./^^.^). 

Lemma 5.1 Let (3i E A. Then 

We shall find an i?-submodule of T^^^^'^^^fe) such that its complement in T^^^'^^'^^^ is 
finitely generated. For this purpose, we use the following i?-submodule of T^^'^'^'^'^^^: 

j{/3i,/32,/33) ^ j(/9i,/32,/33) 5'(/3i,/32,/33)_ 

For r e R,we can define the i?-submodules T^^^l''^'''^''\ ^^(T^^i'^^,^)) ^nd F^(J('^i'^2,/33)) 
as in [Hjj. Note that Fr(T^^'^'^'^'^^'>) is a finitely generated -R-module since /(/^I'/^a-Z^s) jg g^ finite 
set by Lemma 14.41 

Proposition 5.2 Let Wi be strongly A-graded generalized V -modules and let f3i E A fori = 
0, 1, 2, 3. Then there exists M e Z such that for any r eR, F^(T(^1'^2,/33)) ^ F^( j(/3i./32,/33)) + 
i?^(T(/5i./32.ft)). In particular, T^^^'^^^fe) ^ j(/3i,/32,fe) + ^^^^^(T^C/^iA.fe)), 



Proo/. For A G A, let /3o denote /3i + /^s + /Ss and let {Ci{Wi)Y'^''> be the subspace of Wi 

iWi G IVj , where 



spanned by elements of the form U-iWi G W^ , where 



n>0 
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Since dim w}^'^ / {Ci{Wi)Y^''^ < cx) for i = 0, 1, 2, 3, there exists M G Z such that 



(5.1) 



We use induction on r e M. If r is equal to M, Fm{T^'^^'^^'^''^) C Fm{J^^''^''''^''^) + 
Fa/(T(^1''^2,/33)). Now we assume that ^^(T^^i'/^^.ft)) ^ F^(j(/5i-/32,/33)) + Fm(T(^1'^2,/33)) fo^ 

r < s where s > M. We want to show that any homogeneous element of Tig-}' ^' ^ can be 

written as a sum of an element of Fs(J^^'^'^'^'^^^) and an element of FMiT^^^'^^'^''^^). Since 

s > M, by (I5.ip . any element of T^-^-^' ^' ^ is an element of the right hand side of (15. ip . We 

shall discuss only the case that this element is in R{wi^°^ ® iCi{Wi)Y'^^'> ® W^^^^ ® W^^''^); 
the other cases are completely similar. 

We need only discuss elements of the form wq ® u_iWi 0^2® w^, where Wi G W} for 
i = 0,2,3, u^iWi G {Ci{Wi)Y'^^^ and m G (Vo) + . We see from Lemma |5TT] that the elements 
u*__i_i^Wo^Wi^W2^W3, Wq^Wi ^UkW2^W3 and Wq^Wi ^W2^UkW3 for A; > are either in 
5'{/3i,/32,/33) Qj- i]2 j'ifiiAfi-i) _ gy assumption, the weight of Wq ® u^iWi ® W2 ® W3 is s, then the 
weight oi u*_'^^_^Wo^Wi^W2<^W3, Wo<^Wi<^UkW2^W3 and Wo^Wi^W2<^UkW3 for A; > 0, are 
all less than s. Thus these elements either lie in Fs{J^^'^'^^'^^^) or in Fg_i{T^^'^'^^'^^^). Also, 
since A{u,Wq,Wi,W2,Ws) G Fs(J^'^^'^^''^^)), we see that 

Wq ® fX^iWi ® ti?2 ® W3 

= A{u,Wo,Wi,W2,W3) + ^i ^ j (-2;i)''Mli_fctyo®W^l ®W^2®W3 

fc>0 ^ ^ 

^ ( ^ j (-(;Zl -^2))"^"''W0®W^1 ®MfcW2 ®W3 



fc>0 



fc>0 



-1 
k 



-Zi) ^ ^WQ®Wi®W2®UkW2, 



can be written as a sum of an element of Fs{J^^^'^^'^^^) and elements of Fg_i(T^^'^'^^'^^^). 
Thus by the induction assumption, the element Wq (g) u^iWi ^ W2^ W3 can be written as a 
sum of an element of Fs{J^^'^f^^^f^^^) and an element of Fm(T('^1''^2,/33)^_ 
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Now we have 



rei 






We immediately obtain the following: 
Corollary 5.3 The quotient R-module T^l^^'l^^'M /rpil3i,i32M n jC/^i:^,^) ^5 y^nzfe/?/ generated. 
Proof. We have the following R-module isomorphism: 

By the previous Proposition, the R-module T'^^i'^^^.ft) _|_ j(ft,ft,ft)^j{/3i,ft,ft) jg g^ submodule 
of 

j(ft,ft,ft) _^ ^^^(2^(ft,ft,ft))/j(/3i,ft,ft) ^ FM(T('^i"^2,ft))/^^(2^(/3i,ft,ft)) p j(/3i,ft,ft)^ 

which is finitely generated. I 

For an element W G T*-^^'^^'^^', we shall use [W] to denote the equivalence class in 
y(ft.ft.ft)/2-(/3i,ft.ft) n j{/3i:&,ft) containing W. We also have: 

Corollary 5.4 Lei Wi be strongly A-graded generalized V -modules for i = 0,1,2,3. For 
any A-homogeneous elements Wi E Wi {i = 0,1,2,3), let Mi and M2 be the R-submodules 
o/7^(ft,ft,ft)/T{ft,ft,ft) n .jil^i'l^^'M generated by [wq O L(-1)%i 0^2® W3], j > 0, and by 
[wq ^ Wi ^ L{—iyw2 ® W3], j > 0, respectively. Then Mi, M2 are finitely generated. In 
particular, for any A-homogeneous elements Wi E Wi {i = 0,1,2,3), there exist ak{zi,Z2), 
bi{zi, Z2) G R for k = 1, . . . ,m and I = 1, . . . ,n such that 

[wo (^ L{-I)'^wi (8W2®W3] -^ ai{zi, Z2)[wo (^ L{-l)"'~'^wi W2 <8 ^3] 

H \- amizi, Z2) [wq ®Wi®W2® W3] = 0, (5.2) 



[Wq®Wi (g)L(-l)"w2®W3] +bi{Zi,Z2)[WQ®Wi®L{-lY ^W2®W'i\ 

-\ h bn{Zl,Z2)[wQ ®Wi®W2 ® W'i] = 0. (5.3) 

Now we establish the existence of systems of differential equations: 
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Theorem 5.5 Let V be a strongly A-graded vertex algebra with a vertex subalgebra Vq 
strongly graded with respect to Aq C A. Suppose that every strongly graded V -module satis- 
fies Ci-cofiniteness condition as a Vo-module. Also suppose that for any two fixed elements 
(3i and (32 in A and any triple of strongly graded generalized V -modules Mi, M2 and M3, the 
fusion rule _ _ 

for only finitely many pairs (/3i,/32) G (/3i + ^0) x {(^2 + Aq). Let Wi be strongly A-graded 
generalized V -modules for i = 0,1,2,3,4 and let 3^i and 3^2 be logarithmic intertwining 
operators of type (^ 0^ ) , (^ ^ ) . Then for any A-homogeneous elements Wi G Wi (i = 
0, 1, 2, 3j, there exist 

ak{zi, Z2), bi{zi, Z2) e C[zf, zf, {zi - Z2)~^] 

for k = 1, . . . ,m and / = 1, . . . , n such that the series 

{wo,yi{wi,Zi)y2{w2,Z2)w3), (5.4) 

satisfying the expansions of the system of differential equations 

-—^ + ax{zi, Z2) ^_i H h am{zi, Z2)(p = 0, (5.5) 

— ^ + bi{zi, Z2)—-—[ -\ h bn{Zl, Z2)ip = (5.6) 

^ z 

in the region \zi\ > \z2\ > 0. 

Proof. The proof is similar to the proof of Theorem 1.4 in [H] except the difference on 
the i?-module ji^^'l^^'M _ Wg sketch the proof as follows: 

Let A = wt wo-wt wi-wt W2-wt w^. For (A, /32, /^s) e /(ft'/^a,^)^ let /3o = /3i + /32 + /33. 
Let C{{x}) be the space of all series of the form XlngK cinx"' for n G M such that a„ = when 
the real part of n is sufficiently negative. 

Consider the map 



defined by 



where 



^^^^ , T(Pu^.M -^ ztC{{z2/zi})[zt\zt'] 



l^\z^\>\z2\>oifiZi, Z2)){Wo, yi{Wi, ^1)3^2(^2, ^2)^3), 



l^\zi\>\z2\>0 ■ R > C[[z2/Zl]][zf^,Z^^] 
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is the map expanding elements of R as series in the regions \zi\ > \z2\ > 0. 

Using the Jacobi identity for the logarithmic intertwining operators, we have that ele- 
ments of j(^i'''2'/^3) are in the kernel of (py-^y^- The elements of S^^^'^^'^^^ are in the kernel by 
the construction of the set l(l^^'l^^'l^3)_ From Lemma [5 -H we have 

Thus the map 0^1, ^2 induces a map 

^yuy. ■■ T^^^'^^'^^^/T'^^^'^^'^^') n j(/^i'/^^.ft) -^ z^C{{z2/z,})[zt\zt']. 

Applying 4>yj^,y2 ^o (15 ■2p and (15. 3p and then use the L(— l)-derivative property for logarithmic 
intertwining operators, we see that (15 ■4p indeed satisfies the expansions of the system of 
differential equations in the regions |2;i| > |2;2| > 0. I 

Remark 5.6 Note that in the theorems above, ak{zi; z^) for fc = 1, . . . , ?7i — 1 and &i(;zi; Z'l) 
for / = 1, ...,/ — 1, and consequently the corresponding system, depend on the logarithmic 
intertwining operators 3^i, 3^2- 

The following result can be proved in the same method, so we omit the proof. 

Theorem 5.7 Let V he a strongly A-graded vertex algebra with a vertex subalgebra Vq 
strongly graded with respect to Aq C A. Suppose that every strongly graded V -module satis- 
fies Ci-cofiniteness condition as a Vo-module. Also suppose that for any two fixed elements 
Pi and P2 in A and any triple of strongly graded generalized V -modules Mi, M2 and M3, the 
fusion rules 

for only finitely many pairs (/3i,/32) G (/3i + Aq) x ((32 + Aq). Let Wi be strongly A-graded 
generalized V -modules for i = 0, . . . , n + 1. For any generalized V-modules Wi, . . . , Wn-i, 
let 

be logarithmic intertwining operators of types 

Wo\ c Wi\ f WZ2 \ ( wZi 

Wi Wj \W2W2)''"' \Wn-l WZl) ' \Wn Wn+1 

respectively. Then for any A-homogeneous elements wL-s G Wq, W{i) G Wi, . . . ,W{^n+i) G 
Wn+i, there exist 

ak,l{zi, ...,Zn)e C[zf^, ..., Z^^, {Zi - Z2)"\ {Zi - Z^y^, ..., {Zn-l - Zn)'^] 

for k = 1, . . . ,m and I = 1, . . . ,n such that the series 
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satisfies the system of differential equations 



^^ + 2^afc,/(^i,..-,^n)^^;;^ = 0, / = l,...,n (5.7) 

in the region \zi\ > ■ ■ ■ > |z„| > 0. 

Remark 5.8 Under the same condition as in the Theorem 15.51 it follows from the same 
argument in this section that matrix elements of iterates of logarithmic intertwining operators 

(w'(0), 3^1(3^2(^1, Zi - Z2), Z2)W2) (5.8) 



also satisfy the expansions of the system of differential equations of the form (15. 5p and (15. 6p 
in the region 1^21 > l-^i — ^2! > 0. 

Example 5.9 Let Vl be the conformal vertex algebra associated with a nondegenerate 
even lattice L. Then any strongly graded generalized V^-module W (in this example, all 
the generalized modules are modules) satisfies the assumption in Theorem 15 . 5 1 and the series 
(15. 4 p , (15. 8p satisfies the expansions of the system of differential equations (15. 5 p and (15. 6p in 
the regions \zi\ > \z2\ > 0, \z2\ > \zi — z-^ > 0, respectively. 

6 The regularity of the singular points 

We first recall the definition for regular singular points for a system of differential equations 
given in [K] . For the system of differential equations of form (15. 7p , a singular point 

ZQ — V-Q 5 • • • 5 ^0 I 

is an isolated singular point of the coefficient matrix 

Ofc,/(2;i, . . . , Z„) G C[Z]^ , . . . , Z„ ,{Z\ — Z2) ,{Zx — Z-i) , . . . , {Zn-\ — Zn) ] 

for /c = 1, . . . , m and / = 1, . . . , n. For s = (si, . . . , s„) G Z" , set 

n 
j=0 

and 

(log(^ - ^0))^ = (log(^i - 4'^))^^ ■ ■ ■ (log(;.. - 4")))^". 

Fort= (t(^),...,t(")) gC", set 

{z-z,)' = {z,-z^^Y'---{z^-ztT'- 
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A singular point zq for the system of differential equations of form (15. 7p is regular if every 
solution in the punctured disc (D^)^ 



< \zi -4 I < «i 



with some a^ G IR+ (i = 1, . . . ,n) is of the form 



, . . . , 



i=l \m\<M 

with M,r G Z4. and each fti,m.{z — Zq) holomorphic in (Z)^)". Theorem B.16 in [KJ gives a 
sufficient condition for a singular point of a system of differential equations to be regular. 

As in^[H], for r G M, we define the i?-modules fI"^^"''\r), ^^^^^^'^(T^^i''^^,^)) and 
p{zi-z2) i^rp[i3^^P2,ps,)\^^ which provide filtration associated to the singular point zi = Z2 on 
R, i?-modules T^^i'''^,^) ^nd f^'^i'^^./Ss)^ respectively.^ 

For convenience, we shall use (3o to denote (3i + (32 + (3^ for (3i E f3i + Aq (z = 1, 2, 3). We 
shall also consider the ring C[zf , zf] and the C[2;f , z^]-module 

Let (T(''i'^2,/33))(^j=^2) be the space of elements of (^T^l3iAMY^i=z^) of weight r for r G R. 

Let i^,((r(^i'/'2,/33))(^i=^2)) = lJ.<r(^^^"''''^'^)(sr''^- '^^^^^ subspaces give a fihration of 
(2-(/3i,/32,/33))(^i=^2) in the following sense: F^((T(^1'^2,/33))(^i=^2)) ^ ^^((y(/3i,/32,/33))(2i=22)) fo^. 
r < s and (T(/^1'^2'*))(^i=^2) = ]j^^^^^((2-(/3i,/32,/33))(.i=.2)). 

Let F,^"^=^2)(j('3i,/32,/33)) = ir(^i=^2)(j^(/3i,/32,/33)) n j(/3i,/32,/33) fQ^ r G M. We have the following 
lemma: 

Lemma 6.1 For any r eR, Fr{{T^^'^'^^^^-'^Y''="''>) C Fr^''='^\j^^''l^'''l^'^'>) + Fm{T^'^'''^^''^''^). 

Proof. The proof is similar to the proof of Proposition 15. 21 except some slight differences. 

We discuss elements of the form wq ® U-iWi ® W2 ® W3 with weight s, where Wi G W^; 
for i = 0,1,2,3 and u G (Vo)+. By definition of the element A{u,wo,wi,W2,ws) in the 
i?-submodule ,j(i^i-'i^2,i33) ^ ^g have 

Wo ® U^iWi ®W2®Ws 

= Y[ ^ ] {-Zi)''u*__^_^.Wo^Wi®W2^W3-A{u,Wo,Wi,W2,W3) 

~X]( k ) ("(-^1 ~ -^2))""^"^W0 ® W^i (g) UfcW2 ® U^3 
A:>0 ^ ^ 



fc>0 
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We know from Lemma \5A] that the elements mIi^^wq ® tf i ® W2 ® W3, wq ® u^i ® UkW2 ® W3 
and Wo (g) Wi (g) W2 (S> UkWs ioi k > are either in S'^'^i-'^^.ft) (^ jCft,^,^) or in T^^^'^^.A) ^jth 
weights less than the weight of Wq ® u^iWi ® W2 ® "U^s- 

In the first case, since elements of the form Wq ^ Wi ® UkW2 ® W3 are in ^V-fe"? ('^)' 
(—(2:1 — Z2))~^~''wo 0wi ®UkW2 ® W3 G Fs~ [J] . Thus in this case, wq ®U-iWi ®W2®wz 
is an element of Fi''=''\j(^i'^2,/33)). 

In the second case, by induction assumption, m1^_^u;o ® wi®W2® w^, wq ® wi ® W2 ® 
UkW3 G Fi'^=^^)(j(/3i.fe,/33)) + ir^^(2-(/3i,/32,fe)) andw;o8)w;i®Mfcw;2®w;3 e FiX'rV^^''''''^'^) + 
FM(r(^i'^2,/33))_ Hence the element (-(2i-22))"^"^w;o®«;i®Mfcw;2®«;3 G F^''^'^\j^^^''^^''^^^) + 
Fm{T^^'^'^^'^^^). Thus in this case, wo®'U-iWi®W2®'U^3 can be written as a sum of an element 
of F?i=^2)(j(/3i>/32,&)) and an element of Fa^ (T^'^i'^^^-fe)). I 

Using Lemma 16. ![ we get the following refinement of proposition 15.21 

Proposition 6.2 For any r e R, F^''="'\T^'^^'^^'^'i^) C F^''=''\j'^^^'^'^'^^^) + FMiT^^"^''^'^). 
In particular, F^''='^\t^^^'P^'^^'^) = fJ'i=^2)(j(/3i./32,/33)) n T(^1'^2,/33) + Fm{T^^'^^^'^'^). 

Proof. It is a consequence of the decomposition: 



p{zi=Z2)^r^W^,(S2,M) = Y[{zi - Z2yFr^,{{T^'^' 



l,/32,fe)N(21=22) 

j=0 

and Lemma [6. II 

Let Wi G Vr/^"^ for i = 0, 1, 2, 3 and (/3i, /?2, /33) G /(/^I'/^^'A), xhen by Proposition 

tfO ® "W^l ® ""^2 ® ""^3 = VVi + W2 

where Wi G Fi"^=^^V^''''^'''''^) H T(/'i''52'/'3) = Fi"i=^^)(T('5i'/32,fe)) p j(fi^A,M ^nd W2 G 
Fm{T^^'^'^^'^'-*'). Using the same proof as Lemma 2.2 in [H], we have the following lemma: 

Lemma 6.3 For any s G [0, 1), there exist S eM. such that s + S G Z4. and for any Wi G Wi, 
i = 0, 1, 2, 3, satisfying a es + Z, {z^- Z2y^^W2 G {T^P^'P^'My^^=^'2) . 

Theorem 6.4 Let V be a strongly A-graded vertex algebra with a vertex subalgebra Vq 
strongly graded with respect to Aq C A. Suppose that every strongly graded V -module satis- 
fies Ci-cofiniteness condition as a Vo-module. Also suppose that for any two fixed elements 
Pi and (32 in A and any triple of strongly graded generalized V -modules Mi, M2 and M3, the 
fusion rule 

for only finitely many pairs (/3i,/32) G (/3i + Aq) x (/32 + Aq). Let Wi, Wi G Wi for i = 
0, 1, 2, 3, 4, 3^1 and 3^2 be the same as in Theorem \5.5[ For any possible singular point of the 
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form {zi = 0,Z2 = 0, Zi = oo,Z2 = oo, Zi = Z2), z^ ^{zi — Z2) = 0, or z^ ^(-2i — z^) = 0, there 
exist 

afc(zi, Z2), bi{zi, Z2) e C[zf, z^, (zi - Z2y^] 

for k = 1, . . . ,m and I = 1, . . . ,n, such that this singular point of the system Ii5.5\) and Ii5.6\) 
satisfied by ( [5.^[ j is regular. 

Proof. The proof is the same as the proof of Theorem 2.3 in [H] except that we use 
Proposition 16.21 and Lemma 16.31 here. I 

We can prove the following theorem using the same method, so we omit the proof here. 



Theorem 6.5 For any set of possible singular points of the system {5.1) in Theorem \5.1 
of the form Zi = or Zi = 00 for some i or Zi = Zj for some i j^ j , the ak,i{zi, . . . , Zn) in 



Theorem \5.1\ can be chosen for k = 1, . . . ,m and I = 1, . . . ,n so that these singular points 
are regular. 

7 Braided tensor category structure 

In the logarithmic tensor category theory developed in |HLZ] , the convergence and expansion 
property for the logarithmic intertwining operators are needed in the construction of the 
associativity isomorphism. In this section, we will recall the definition of convergence and 
expansion property for products and iterates of logarithmic intertwining operators and then 
follow |HLZ] to give sufficient conditions for a category to have these properties. 

Throughout this section, we will let J^sg (respectively, QM.sg) denote the category of 
the strongly A-graded (respectively, generalized) \^-modules. We are going to study the 
subcategory C of M.sg (respectively, QM.sg) satisfying the following assumptions. 

Assumption 7.1 We shall assume the following: 

• y4 is an abelian group and A is an abelian group containing A as a subgroup. 

• \^ is a strongly A-graded conformal vertex algebra with a strongly Aq C A-graded 
vertex subalgebra Vq and V is an object of C as a \^-module. 

• All (generalized) l^-modules are lower bounded, satisfy the Ci-cofiniteness condition 
as Vo-modules and for any two fixed elements /3i and P2 in A and any triple of strongly 
graded generalized ^-modules Mi, M2 and M3, the fusion rule 

for only finitely many pairs (/3i, (32) G (/3i + Aq) x (/32 + Aq). 

• For any object of C, the (generalized) weights are real numbers and in addition there 
exist K ^ Z such that {L{0) — L(O)s)^ = on the generalized module. 
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• C is closed under images, under the contragredient functor, under taking finite direct 
sums. 

Given objects Wi, W^2, VTs, W^, Mi and M2 of the category C, let 3^i, 3^2, 3^^ and y^ be log- 
arithmic intertwining operators of types {^l^^ , {J^w^ , (m^Ws) ^ ^^ (vk^ h/J ' respectively. 
We recall the following definitions and theorems from Section 11 in jHLZ] (part VII): 

Convergence and extension property for products For any /3 G A, there exists an 
integer Np depending only on 3^i and 3^2 and /?, and for any doubly homogeneous elements 
W(i) e (iyi)(^i) and W{2) e (^"2)^'^'^ (A,/32 e i) and any w;(3) G W3 and w[^-^ G PF^ such that 

/5i + /32 = -/3, 

there exist M G N, r^, s^ G M, 'ifc,jfc G N, /c = 1,...,M, and analytic functions fk{z) on 
|z| < 1, A; = 1, . . . , M, satisfying 

wt W(i) + wt W{2) + Sk> Np, fc = 1, . . . , M, 

such that 

is absolutely convergent when \z\\ > \z2\ > and can be analytically extended to the 
multivalued analytic function 



M 

Tzi^iz, - z^niogz^y-iiogiz, - z2)y'^M'-^^^) 

k=l ^2 

(here log(2;i — ^2) and log Z2, and in particular, the powers of the variables, mean the multival- 
ued functions, not the particular branch we have been using) in the region \z2\ > \z\ — Z2\ > 0. 
Convergence and extension property without logarithms for products When 

ik = jk = ioT k = 1, . . . , M, we call the property above the convergence and extension 
property without logarithms for products. 

Convergence and extension property for iterates For any /3 G A, there exists an 
integer A^^ depending only on 3^^ and y^ and /3, and for any doubly homogeneous elements 
1^(1) G {WiY'^^'> and W(2) e (1^2)^'''^ (/3i,/32 e A) and any w^3) G W^ and w'^^^ G W^ such that 

/3i + /32 = -/3, 

there exist M & N, fk,Sk G M, ik,jk G N, A; = 1,...,M, and analytic functions fk{z) on 
\z\ < 1, k = 1, . . . , M, satisfying 

wt W(i) + wt W(2) + Sk > Np, k = 1,. . .,M, 

such that 

{u![o),yiiy2iW(^l), Xo)w(2), X2)W(^3))w4\xo=z^-Z2, X2=Z2 
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is absolutely convergent when |-22| > ki ~ -22I > and can be analytically extended to the 
multivalued analytic function 

M 

(here logzi and logZ2; and in particular, the powers of the variables, mean the multivalued 
functions, not the particular branch we have been using) in the region \zi\ > \z2\ > 0. 

Convergence and extension property without logarithmic for iterates When 

ik = Jfc = for k = 1, . . . , M, we call the property above the convergence and extension 
property without logarithms for iterates. 

If the convergence and extension property (with or without logarithms) for products holds 
for any objects Wi, W2, W3, W4 and Mi of C and any logarithmic intertwining operators 3^i 
and 3^2 of the types as above, we say that the convergence and extension property for products 
holds in C. We similarly define the meaning of the phrase the convergence and extension 
property for iterates holds in C. 

The following theorem generalizes Theorem 11.8 in |HLZ] to the strongly graded gener- 
alized modules for a strongly graded conformal vertex algebra: 

Theorem 7.2 Let V be a strongly graded conformal vertex algebra. Then 

1. The convergence and extension properties for products and iterates hold in C. If C is 
in Aisg cmd if every object of C is a direct sum of irreducible objects of C and there 
are only finitely many irreducible objects ofC (up to equivalence), then the convergence 
and extension properties without logarithms for products and iterates hold in C. 



2. For any n G Z+, any objects Wi, . . . , Wn+i and Wi, . . 


.,W^n-l ofC 


intertwining operators 




yi,y2,...,yn-i,yn 




of types 




f Wo \ f Wi \ f WZ2 \ 


( wCi 


Wl Wi) \W2W2)''"' Wn-l WZJ 


' WnW^n+l 



respectively, and any wLx G W^, W{i-^ G W\, . . . , W^(n+i) £ Wn+i, the series 

is absolutely convergent in the region \zi\ > ■■■ > \zn\ > and its sum can be an- 
alytically extended to a multivalued analytic function on the region given by z\ 7^ 0, 
i = 1, . . . ,n, Zi^ Zj, i ^ j , such that for any set of possible singular points with either 
Zi = 0, Zi = 00 or Zi = Zj for i ^ j , this multivalued analytic function can be expanded 
near the singularity as a series having the same form as the expansion near the singular 
points of a solution of a system of differential equations with regular singular points. 
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Proof. The first statement in the first part and the statement in the second part of the 
theorem follow directly from Theorem 15.71 and Theorem 16.51 and the theorem of differential 
equations with regular singular points. The second statement in the first part can be proved 
using the same method in [Hj. ■ 

In order to construct braided tensor category on the category of strongly graded gener- 
alized l^-modules, we need the following assumption on C (see Assumption 10.1, Theorem 
11.4 of [HLZ]). 

Assumption 7.3 Suppose the following two conditions are satisfied: 

1. C is closed under P{z)-tensor products for some z G C^. 

2. Every finite- generated lower hounded doubly graded generalized V -module is an object 
ofC. 

Conjecture 7.4 We conjectured that the category of certain strongly graded generalized 
l^-modules satisfying the first condition in Assumption 17.31 The case for the vertex operator 
algebra was proved in |Hlj . 

Under Assumption 17.11 and Assumption 17.31 on the category C C QAisg, we generalize 
the main result (Theorem 12.15) of |HLZj to the category of strongly graded generalized 
modules for a strongly graded vertex algebra: 

Theorem 7.5 Let V be a strongly graded conformal vertex algebra. Then the category C, 
equipped with the tensor product bifunctor Kl, the unit object V , the braiding isomorphism TZ, 
the associativity isomorphism A, and the left and right unit isomorphisms I and r in fHLZ^ . 
is an additive braided tensor category. 

In the case that C is an abelian category, we have: 

Corollary 7.6 // the category C is an abelian category, then C, equipped with the tensor 
product bifunctor Kl, the unit object V, the braiding isomorphism TZ, the associativity iso- 
morphism A, and the left and right unit isomorphisms I and r in IHLZ^ . is a braided tensor 
category. 
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